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We study the semi-classical tunneling of scalar and fermion fields from the horizon of a Constant
Curvature Black Hole, which is locally AdS and whose five-dimensional analogue is dual to N = 4
Super Yang-Mills. In particular, we highlight the strong reliance of the tunneling method for
Hawking radiation on near-horizon symmetries, a fact often hidden behind the algorithmic procedure
with which the tunneling approach tends to be used. We ultimately calculate the emission rate of
scalars and fermions, and hence the black hole’s Hawking temperature.
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I. INTRODUCTION
Studying the thermodynamic properties of black holes is often regarded as a fundamental step towards quantizing
gravity. Indeed, the realization that a black hole’s entropy is related to its area is at the root of the gauge / gravity
correspondence which forms the basis of much modern research. Although most of the literature focuses on dualities
between conformal field theories and Anti de Sitter space — and to a lesser extent on extremal Kerr and similar black
holes — it is expected that a much wider range of spacetimes embody a holographic principle of a similar nature. As
we study more general classes of spacetimes, we might gain access to more general classes of field theories. As such,
it is imperative to develop tools to study the thermodynamics of spacetimes for which the standard methods, such
as the Wick rotation, may not be appropriate.
A particular approach to study Hawking radiation, called the tunneling method, has recently garnered a lot
of attention. Not only does it paint a very physical picture of Hawking radiation — that of quantum fields tunneling
through the event horizon — but it is also local in nature. This property makes the technique versatile enough to
apply to a wide range of black holes, such as embedded black holes in de Sitter spacetimes. As such, it has been used
to investigate the thermodynamics of a wide variety of spacetimes, many of which previously difficult or impossible
to study. They include Kerr-Newman [1, 2], Black Rings [3], Taub-NUT [4], AdS Black Holes [5], BTZ [6–9], Vaidya
[10], dynamical black holes [11], Kerr-Go¨del [12], and deSitter horizons [13–18], as well as generic weakly isolated
horizons [19].
Another particularly important advantage of the tunneling approach is its ability to consider quantum fields
explicitly. While it has so far only been used to study scalars — including some coupled to a U(1) gauge field [20]
— spin 1/2 [1, 2, 21–23] and higher-spin [24] fermions, and bosons [25, 26], one can expect the method to eventually
mature and be used to study, for example, fields whose equations of motion come from effective string theoretic actions.
The tunneling method has a rich history. Based on the earlier works of Volovik [27–29], who analyzed prop-
erties of superfluidic Helium-3 related to quantum tunneling, Kraus and Wilczek [30–32] studied Hawking radiation
semiclassically by studying modes of the field near the event horizon. This was later generalized as a tunneling
phenomenon by Parikh and Wilczek [33]. Padmanabhan and his collaborators finally developed a second flavour of
this method [34–37] — this is the version we will use here — which is now starting to become well understood.
The idea behind the method can easily be illustrated using a free massless scalar field being emitted from a
Schwarzschild black hole. Writing the field φ = e
i
h¯
I , where I is its action, the field equations reduce to first order
in h¯ to the Hamilton-Jacobi equations: ∂µI∂
µI = 0. In order to solve this equation, we will need to make use
of the spacetime symmetries, namely that ∂tI, ∂θI and ∂φI are constants of motion. Hence, we may impose that
the action obeys the ansatz I = −Et +W (r) + J1θ + J2φ, which forces the Hamilton-Jacobi equations to reduce
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2to W ′(r) = ±E1−2M/r . Finally, this means that the black hole’s temperature is given by β = 8piM , since the field’s
emission rate is given by
Γ ∝ e−ImI ∝ e−2Im
∮
W ′(r)dr ∝ e−8piME . (1)
The Constant Curvature Black Hole [38] can be thought of as a 3 + 1 dimensional extension to the BTZ black hole,
and was found by identifying points in anti-deSitter spacetime. Using Schwarzschild-like coordinates [39], the line
element can be written as
ds2 =
l4f2(r)
r2H
[
dθ2 − sin2 θ(dt/l)2]+ dr2
f2(r)
+ r2dφ2, (2)
where
f2(r) =
r2 − r2H
l2
; (3)
the horizon is located at r = rH . Because of its non-standard asymptotic limit, all conserved charges diverge. To
make sense of the global charges, Ban˜ados initially studied the thermodynamics of the CCBH by embedding it in
a Chern-Simons supergravity theory. Later, using quasi-local thermodynamic variables to tame the divergences,
Creighton and Mann [40] studied the thermodynamics in a General Relativistic setting, where they showed that the
first law of thermodynamics still holds.
We study this type of black hole for two reasons. First, black holes with an unusual topology — the CCBH
is R3×S1 instead of the more usual R2×S2 — might be dual to interesting field theories, and form prime candidates
for spacetimes which should be fully understood. In particular, Cai [39] has shown that the five dimensional CCBH
is dual to N = 4 Super-Yang-Mills. Second, this black hole will highlight a connection between the tunneling method
and near-horizon symmetries which is often overlooked; indeed, it is often outright assumed, such as in Kerr [22, 23],
Kerr-AdS [6] and Taub-NUT-AdS [4], that the outgoing radiation is purely radial near the horizon: the quantum
field tunnels out with constant θ = θ0. Yet this connection is crucial: these near-horizon symmetries are precisely
those which might suggest the existence of a conformal field theory at the horizon.
We will begin by calculating the Hawking temperature of the CCBH using the Wick rotation method, for
comparison purposes. Then, we will apply the tunneling method to the problem and show that one must account for
the near-horizon symmetries of the black hole in order to guess the right form of the action’s ansatz. This will lead
us to the black hole’s temperature.
II. CONSTANT CURVATURE BLACK HOLE
A. Wick rotation
Because the CCBH is a fairly simple spacetime, its temperature can easily be calculated using a Wick rota-
tion. This will provide us with a reference against which to compare the temperature we will calculate using
the tunneling method. Using the CCBH metric in the form of equation (2), we notice that we require t/l to
have a period of 2pi in order to avoid a conical singularity in the Euclideanized metric; this association means
that the term in square brackets is simply the line element of a two-sphere. Hence, the inverse temperature is β = 2pil.
Note that if we denote the timelike Killing vector by ta = δat , then ∇atb∇atb = 2l2r2
H
(
r2 sin2 θ + r2H cos
2 θ
)
;
this means that the surface gravity is κ = 1/l and, therefore, β = 2pil once again.
Because our spacetime is not asymptotically flat, we should for clarity redshift the inverse temperature by
multiplying by
√−g00. The temperature observed by an observer located at (r, θ) is finally given by
T =
rH
2pil2f(r) sin θ
. (4)
3B. Tunneling
In contrast with the above calculations, the tunneling approach to Hawking radiation has a direct physical interpre-
tation: that of a quantum field tunneling through an event horizon. For completeness, we will simultaneously consider
both the emission of a free scalar field φ, obeying the Klein-Gordon equation, and the emission of a free fermion field
Ψ. In general, the equations of motion for this fermion should be given by the Rarita-Schwinger equations [41].
However, it has been shown [24] that both types of fields are emitted from black holes at the same rate, thus yielding
the same Hawking temperature. Therefore, we will assume that our fermions obey the Dirac equation, and we can
write: (∇µ∂µ +m2)φ = 0
(iγµDµ +m)Ψ = 0,
(5)
where the covariant derivative Dµ acting on the fermion field is defined by
Dµ = ∂µ − 1
8
Γα βµ [γα, γβ ]. (6)
The γµ matrices satisfy {γµ, γν} = 2gµν. We will write them in the form γµ = eµI γˆI , where we’ve introduced tetrads
satisfying eµI e
ν
Jη
IJ = gµν as well as the γˆ matrices which correspond to the flat-space Dirac matrices in the basis
γˆt =
(
0 1
−1 0
)
γˆr =
(
0 σ3
σ3 0
)
γˆθ =
(
0 σ1
σ1 0
)
γˆφ =
(
0 σ2
σ2 0
)
.
(7)
The σi correspond to the standard Pauli matrices:
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
. (8)
Using the WKB approximation, we impose that our fields be proportional to e
i
h¯
I , where I is the action. For the
scalar field, this means that φ = C(xµ)e
i
h¯
Is . For the fermion, we focus on the spin-up case (the spin-down case being
effectively identical) and denote the positive-spin eigenvector of σ3 by ξ. The field Ψ then takes the form
Ψ =
[
ξA(xµ)
ξB(xµ)
]
e
i
h¯
I↑(x
µ) =


A(xµ)
0
B(xµ)
0

 e ih¯ I↑(xµ). (9)
Because the metric is invariant under translations over t and φ, we know that ∂tI ≡ −E and ∂φI ≡ J will be conserved
quantities. As such, our action will take the form
I = −Et+W (r, θ) + Jφ. (10)
Then, inputting the fields φ and Ψ into their respective equations of motion (5) and using equation (10), we find for
the scalar
−r2HE2
l2f2(r) sin2(θ)
+ f2(r)W 2r (r, θ) +
r2H
l4f2(r)
W 2θ (r, θ) +
J2
r2
+m2 = 0, (11)
and for the fermion:
−B
(
−ErH
l sin(θ)
√
f2(r)
+
√
f2(r)Wr(r, θ)
)
+mA = 0
−B
(
rH
l2
√
f2(r)
Wθ(r, θ) +
iJ
r
)
= 0
−A
(
ErH
l sin(θ)
√
f2(r)
+
√
f2(r)Wr(r, θ)
)
+mB = 0
−A
(
rH
l2
√
f2(r)
Wθ(r, θ) +
iJ
r
)
= 0,
(12)
4where we approximated to leading order in h¯ and subsequently set h¯ to unity. To this order, we effectively have
∇µ ≈ Dµ ≈ ∂µ. Similarly, derivatives of A and B are also of higher order in h¯, making A and B effectively constant.
Although at first glance this approximation appears to remove a lot of interesting physics, it has recently been shown
that the terms of higher order in h¯ will generate no contribution to the Hawking temperature [25, 42, 43]. As such,
we are well justified in truncating our expressions to leading order in h¯.
Near the horizon, f2(r) goes to zero, such that the mass term does not contribute. This allows us to rewrite
the fermion equations as
Wr(r, θ) =
±ErH
l sin(θ)f2(r)
Wθ(r, θ) =
iJl2
√
f2(r)
rrH
,
(13)
while the equations for the scalar are still given by equation (11); equations of the same form as (13) are also found
in multiple other spacetimes [4, 22, 23]. There, the next step is to assume that the Hawking radiation is purely
radial: that is, θ = θ0 during the tunneling process. Unfortunately, this assumption, which is often made without
justification, does not work in the case of the CCBH. Indeed, it implies that Wθ will yield no contribution to ImI,
and integrating Wr(r) across the horizon, for both the scalar and the fermion, will yield
ImW ∝ ±pilE
2 sin(θ0)
. (14)
This expression cannot be correct, as it would ultimately imply that the Hawking temperature depends on the
emission coordinate θ0 (which describes where on the horizon the field has been emitted from), which contradicts our
previous calculations from equation (4) (where the Hawking temperature only depended on the observer’s position).
In order to proceed forward, we need to understand how to decompose this W (r, θ) into two functions, each
depending on only one variable. In that spirit, we will take a short detour to discuss near-horizon symmetries before
coming back to these field equations later. As a first step, we take the near horizon limit and rewrite the line element,
initially given by equation (2), into a more explicit form:
ds2 = ρ2(dθ2 − sin2 θdτ2) + dρ2 + dz2, (15)
where we’ve introduced the coordinates
τ =
E
l
ρ =
f(r)l2
rH
z = rHφ. (16)
Note that the horizon is now located at ρ = 0. This line element corresponds to an observer with constant acceleration
in Minkowski space. Indeed, if we introduce the coordinates u = ρ sin θ and y = ρ cos θ, then the near-horizon line
element becomes
ds2 = −u2dτ2 + du2 + dy2 + dz2. (17)
The near-horizon symmetries are now immediately obvious, and it is clear that ξµ1 = δ
µ
τ , ξ
µ
2 = δ
µ
y , and ξ
µ
3 = δ
µ
z
are Killing vectors. We can therefore define three conserved quantities E = −∂tI, J1 = ∂yI, and J2 = ∂zI which
correspond to the energy of the emitted field, as well as its momentum along the y and z directions. Therefore, near
the horizon, the action will have the form
I = −Et+W (u) + J1y + J2z
= −Et+W
(
f(r)l2
rH
sin θ
)
+ J1
f(r)l2
rH
cos θ + J2rhφ,
(18)
where, on the second line, we’ve written the near-horizon coordinates (u, y, z) in terms of the general coordinates
(r, θ, φ) from equation (2). It is important to note that this construction is only valid in the near-horizon limit. We
are, however, justified in taking such a limit because of the nature of the tunneling method. Indeed, as we will see
in the next section, all contributions to the Hawking temperature come from discontinuities located directly at the
horizon. This is precisely the power of the tunneling method: because the near-horizon geometry is so much simpler
5FIG. 1: A constant time-slice of the near-horizon CCBH, with the angular coordinate φ suppressed. The axisymmetric axis,
formed by the θ = 0 and θ = pi lines, represents the horizon. The radiation emitted from this black hole should follow the
coordinate u = ρ sin θ.
than the bulk geometry, additional symmetries arise which greatly simplify the field equations that we are trying to
solve.
The field should be understood not as being emitted radially along the r direction while keeping θ constant,
but as being emitted along the u = ρ sin θ direction keeping y = ρ cos θ constant. As can be seen in Figure 1, one
can think of the CCBH as a sphere with an event horizon at ρ = 0 with additional coordinate singularities at θ = 0
and θ = pi. While ρ parametrizes the r = rH horizon, ρ sin θ corresponds to the distance from the axisymmetry axis
which itself forms a coordinate singularity. It is from this axisymmetric line that the particles will be emitted. A
discussion of the CCBH instanton can also be found in [40].
Knowing that our action takes the simple form from equation (18), we can return to our field equations.
The scalar field still obeys the same equation (11) as before:
−r2HE2
l2f2(r) sin2(θ)
+ f2(r)I2r (r, θ) +
r2H
l4f2(r)
I2θ (r, θ) +
I2φ
r2
+m2 = 0. (19)
For the fermion, on the other hand, we should rotate the field because we’ve modified the definition of our radial
coordinate. However, we can save ourselves from having to do this by being clever. Indeed, the fermion field will now
look like
Ψ =


E(xµ)
F (xµ)
G(xµ)
H(xµ)

 e ih¯ I↑(xµ); (20)
inputting this into the Dirac equation will yield a system of equation similar to equation (12). However, notice that
because we are working in a first-order approximation, all these equations are linear in Ψ (Interestingly, this trick
works even without truncating to first order in h¯ [25]). Writing the equations in matrix form MΨ = 0, therefore, we
demand that the determinant of M vanishes; if it did not, then the only solution would be Ψ = 0. This gives the
equation
0 = DetM =
−r2HE2
l2f2(r) sin2(θ)
+ f2(r)I2r (r, θ) +
r2H
l4f2(r)
I2θ (r, θ) +
I2φ
r2
+m2, (21)
which is the same equation as that for the scalar field (19). Using the ansatz for the action (18) into these equations
of motion (19), we get
0 =
−r2HE2
l2f2(r) sin2 θ
+
[
W ′
(
f(r)l2
rH
sin θ
)]2
+ J21 +
J22
r2
+m2, (22)
6where W ′ denotes the derivative of W with respect to its entire argument. Because we are working near the horizon,
f2(r) goes to zero such that the first two terms diverge while the last three are finite. Hence,
W ′±
(
f(r)l2
rH
sin θ
)
=
±rHE
lf(r) sin θ
, (23)
where the + and − correspond to outgoing and infalling radiation, respectively. More details on this correspondence
can be found in Section 3 of [25].
C. Calculating the temperature
Given the “radial” derivative of the action, given by equation (23), it is straightforward to calculate the imaginary
part of the action, which is related to the Hawking temperature through the tunneling probability Γ ∝ e−ImI = e−E/T .
While there are a number of techniques which have been introduced for this step [44–51], we will here follow the ideas
recently summarized in [52]. In particular, it is found that there are two separate contributions to the imaginary
part of the action: one coming from the discontinuity of the time coordinate ∆t, and another coming from a pole, at
the horizon, which arises when integrating the radial part of the action. The temperature is ultimately given by the
expression
T =
E
Im
(∫
W ′+ −
∫
W ′− − 2E∆t
) , (24)
where the
∫
W ′± must each be integrated along an infinitesimal quarter-circle path around the pole at the horizon
[52], such that the result of the integration will be ipi2 times the residue at the pole. Hence:∫
W ′+d
(
f(r)l2
rH
sin θ
)
=
ipi
2
lE∫
W ′−d
(
f(r)l2
rH
sin θ
)
=
−ipi
2
lE.
(25)
Next, we need to calculate the jump in the time coordinate across the horizon ∆t. Notice that the line element defined
by (15) is that of an accelerated observer in Minkowski space following the path
T = ρ sin θ sinh τ
X = ρ sin θ cosh τ
Y = ρ cos θ
Z = rHφ
(26)
outside the horizon, whereas inside the horizon, we need to interchange X ↔ T to account for the timelike coordinate
becoming spacelike as the horizon is crossed. Thus, when we cross the horizon, we must have τ → τ − ipi2 in order to
get sinh τ ↔ cosh τ . The time discontinuity is therefore ∆t = l∆τ = −ipi2 l.
We can combine this result with equations (24) and (25) to find the Hawking temperature:
T =
E
piEl + piEl
=
1
2pil
. (27)
Redshifting to account for the observer’s position, this becomes
T =
rH
2pil2f(r) sin θ
, (28)
which is the same temperature as the one found using the Wick Rotation method (4).
III. CONCLUSIONS
We have calculated the first-order Hawking temperature for fermions and scalars emitted from the Constant Cur-
vature Black Hole by considering the process as a semi-classical tunneling phenomenon across the event horizon. This
7spacetime emphasizes a few interesting aspects of the tunneling method which are not obvious in simpler black hole
spacetimes, such as the necessity to carefully choose an ansatz for the action based on the symmetries of the near-
horizon geometry. This suggests a link between this technique and gauge / gravity dualities in black hole spacetimes,
which also rely on these symmetries, that should be the focus of further studies. Moreover, our calculation serves as a
practical demonstration of a new idea [52] for accounting for the factor of 2 problem — by which the tunneling method
yielded differing emission probabilities depending on the type of coordinates used — by considering the discontinuity
of the time coordinate across the event horizon.
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